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a b s t r a c t
An elementary derivation of the evolution equations is given for N vortices in a period
cell of a rectangular doubly periodic vortex lattice. By exploiting a logarithmic conformal
mapping from a rectangular period cell to an annulus, the evolution equations for the
N-vortex problem are derived.
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1. Introduction
The study of vortex lattices, both in singly and doubly periodic configurations, has been a topic of recurrent interest
because of its relevance to studying the statistics of vortex ensembles. Early work on doubly periodic vortex lattices was
done by Tkachenko [1] who made use of elliptic function theory (in particular, the special properties of the Weierstrass
zeta function) to find the relevant governing equations. He computed the energy associated with a simple vortex lattice of
arbitrary shape. Other derivations of the governing equations exist in the literature. Glasser [2] also analyzed rectangular
lattices using Fourier series and the properties of theta functions to evaluate various lattice sums of physical interest.
Campbell, Doria and Kadtke [3] extended Glasser’s result to arbitrary lattices containing more than one vortex in each
periodic cell. O’Neil [4] has derived the velocity in terms of the Weierstrass zeta function, the energy in terms of theta
functions and has numerically checked the agreement of his results with those of Campbell et al. Weiss and McWilliams [5]
also focus on a doubly periodic square array and derive the equations (differently from the authors mentioned above) by
considering a limit of an open domain andmaking use of Laplace transforms and analytical properties of infinite sums. Most
recently, Stremler and Aref [6] have looked at the dynamics of a vortex lattice in a doubly periodic planar configuration with
three point vortices per period cell. While they againmake use of theWeierstrass zeta function, their derivation differs from
earlier ones; they confirm numerically that their equations agree with the results of O’Neil (which, as just mentioned, were
checked (numerically) to agree with those of Campbell et al. [3] which, in turn, are known to agree with the results of Weiss
and McWilliams [5]).
The existence of many different approaches which, moreover, cannot easily be identified with each other (other than
numerically) suggests that the matter of deriving the equations of motion is not completely straightforward. In this paper,
we focus on the special case of doubly periodic rectangular vortex arrays and present a novel derivation of the equations
of motion for this case. We report this new method for three reasons: first, it is of theoretical interest, making use of a
preliminary logarithmic transformation which allows us to proceed without the use of elliptic function theory; second, it
is essentially elementary requiring no results from special function theory and facilitates a numerical study of the problem
requiring no special function packages; finally, the new formulae can be shown, analytically, to be equivalent to existing
incarnations of the equations of motion obtained by other authors.
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Fig. 1. Conformal mapping, by a logarithmic transformation, from the cut annulus in a ζ -plane to a rectangular period cell in a z-plane.
2. Conformal mapping
Consider the conformal map z(ζ ) from the cut annulus ρ < |ζ | < 1 shown in Fig. 1 (call it Dζ ) given by
z(ζ ) = −i log ζ . (1)
Under this mapping Dζ corresponds to the period cell 0 < x < 2pi , 0 < y < − log ρ. If this period cell has height d then
clearly
ρ = exp(−d). (2)
3. Complex potential
Now suppose there is a single point vortex, of circulation Γ , at ζ = α(t) in Dζ . The point vortex in the z-plane is then at
zα(t) = −i logα(t), (3)
or, inversely,
α(t) = exp(izα(t)). (4)
We will find the complex potential W (ζ , α(t)) for this flow. By the conformal invariance of the problem, the complex
potential in the z-plane will then be
w(z, zα(t)) = W (exp(iz), exp(izα)). (5)
It is a well-known fact that the complex potential for an isolated point vortex at ζ = α is
− iΓ
2pi
log
(
1− ζ
α
)
. (6)
Therefore it is natural to consider the complex potential
− iΓ
2pi
log P(ζ/α, ρ) (7)
where
P(ζ , ρ) = (1− ζ )
∞∏
m=1
(1− ρmζ )(1− ρmζ−1). (8)
The origin of this infinite product is clear: it has been chosen to ensure that the function (7) has a logarithmic singularity of
strength−iΓ /(2pi) (hence a point vortex of circulation Γ ) at all points ζkm given by
ζkm = αρm exp(2pi ik), k,m ∈ Z, (9)
corresponding, under the mapping (1), to all the points
zkm = −i logα + 2pik− im log ρ = zα + 2pik− im log ρ (10)
in the doubly periodic rectangular lattice. Note that the product has also been carefully chosen so that it contains only positive
powers of ρ (this is because 0 < ρ < 1).
(7) is therefore a natural candidate for the complex potential W (ζ , α) we seek. However note that we can also add a
term of the form C log ζ (where C is a complex constant), so that
W (ζ , α) = − iΓ
2pi
log P(ζ/α, ρ)+ C log ζ . (11)
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It is known, from general arguments of potential theory [7], that log ζ is the only (non-constant) function analytic in a
concentric annulus having constant values on its boundaries. It follows that, up to an arbitrary constant, (11) is the required
complex potential (a formal proof involves an application of Liouville’s theorem).
It is easy to check, directly from formula (8) defining it, that P(ζ , ρ) satisfies the identities
P(ζ−1, ρ) = −ζ−1P(ζ , ρ), P(ρζ , ρ) = −ζ−1P(ζ , ρ). (12)
We now define
K(ζ , ρ) ≡ ζPζ (ζ , ρ)
P(ζ , ρ)
, (13)
where Pζ (ζ , ρ) is the derivative of P(ζ , ρ)with respect to its first argument. By taking a logarithmic derivative of the second
of the relations (12) and multiplying by ζ , one arrives at an identity
K(ρζ , ρ) = K(ζ , ρ)− 1. (14)
It can also be shown that
K(ζ−1, ρ) = 1− K(ζ , ρ). (15)
Now consider the motion of N point vortices in the period cell in the case where the sum of the circulations {Γk|k =
1, . . . ,N} is zero:
N∑
k=1
Γk = 0. (16)
The complex potential is a sum of N contributions having the form (11). The (conjugate) velocity field in the z-plane is then
u− iv = dW/dζ
dz/dζ
=
N∑
k=1
Γk
2pi
K(ζ/αk, ρ)+ CN , (17)
where CN is some constant (independent of ζ ). u− iv must be the same function in each period cell of the lattice. But, from
(14) and (16), u− iv is seen to be invariant under the mapping ζ 7→ ρζ . It is also clearly invariant under ζ 7→ ζ exp(2pi i).
Thus u− iv is indeed the same function in each period cell.
We must, however, pick CN carefully. It depends, in general, on the point vortex circulations and positions as well as the
lattice geometry. The evolution equation for the jth vortex comes from evaluating the velocity u− iv with the singular part
(in each cell) omitted, i.e.,
dzj
dt
= i
αj
dαj
dt
=
[
N∑
k=1
′ Γk
2pi
K(αj/αk, ρ)+ CN
]
, (18)
where the prime denotes that the term corresponding to k = j is omitted. Note that the effect on any given vortex in a given
period cell due to all its translates in the lattice is zero (by the doubly periodicity of the arrangement) which is why these
contributions have also been omitted from (18).
It is necessary that Eq. (18) are:
(a) invariant under an arbitrary change in origin. Such a change corresponds to αk 7→ Bαk for all k = 1, . . . ,N and any
choice of complex constant B;
(b) invariant under the transformations αk 7→ ραk and αk 7→ αk exp(2pi i) for any integer k. This ensures the governing
equations are the same in each period cell.
Now, since K(αj/αk, ρ) shifts by a real constant as αk 7→ ραk and is invariant as αk 7→ exp(2pi i)αk then if CN contains an
appropriate real multiple of log |αk| for each k = 1, . . . ,N (note that this function also shifts by a real constant as αk 7→ ραk
and is invariant as αk 7→ exp(2pi i)αk) then the Eq. (18) can be made invariant under both transformations αk 7→ ραk and
αk 7→ exp(2pi i)αk for each k = 1, . . . ,N . Picking this real multiple appropriately leads to the following evolution equations
for j = 1, . . . ,N
i
αj
dαj
dt
=
N∑
k=1
′ Γk
2pi
K(αj/αk, ρ)−
N∑
k=1
Γk
2pi
1
log ρ
log |αk|. (19)
It can now be verified explicitly (using (14) and (16)) that Eq. (19) each satisfy conditions (a) and (b). (19) are therefore the
required equations for the preimages {αk|k = 1, . . . ,N} in the ζ -plane for N-vortex motion in the doubly periodic lattice.
One can identify the constant CN as
CN = −
N∑
k=1
Γk
2pi
1
log ρ
log |αk| (20)
D. Crowdy / Applied Mathematics Letters 23 (2010) 34–38 37
so that
u− iv =
N∑
k=1
Γk
2pi
K(ζ/αk, ρ)−
N∑
k=1
Γk
2pi
1
log ρ
log |αk|. (21)
Eqs. (19) and (21) are our key results.
Finally, a note on numerical implementation. The function P(ζ , ρ) can, of course, be evaluated numerically by truncating
the infinite product (8) at a sufficiently large number of terms. But, since it is clearly analytic in the annulus ρ < |ζ | < 1,
it has a Laurent series convergent in this annulus. By making use of the second relation in (12) it is a simple exercise
(by substituting a general Laurent series representation and equating coefficients) to show that it is given by the (rapidly
convergent) Laurent series
P(ζ , ρ) = A
∞∑
n=−∞
(−1)nρn(n−1)/2ζ n, (22)
where A is a constant given by
A =
∞∏
n=1
(1+ ρn)2
/ ∞∑
n=1
ρn(n−1)/2. (23)
Typically, since |ρ| < 1, only a handful of terms is needed to compute P(ζ , ρ) to high accuracy using the Laurent series (22).
Wehave not yet identified an analogous approach to the derivation of the equations ofmotion for non-rectangular doubly
periodic lattices. The simple logarithmic transformation to the annulus is special to the rectangular period cell and is key to
our approach. Such a simple preliminary transformation does not appear to be possible for non-rectangular period cells.
4. Connection with previous results
To check our equations, note that the function P(ζ , ρ) [8] can be related to the first Jacobi theta function Θ1 according
to
P(ζ , ρ) = − i exp(iz/2)
Cρ1/8
Θ1[z/2, ρ1/2], (24)
where C =∏∞k=1(1− ρk). Let β be some parameter. It follows from (24) that
P(ζβ−1, ρ) = − i
Cρ1/8
√
ζ
β
Θ1[(z − zβ)/2, ρ1/2], (25)
where zβ = −i logβ . By taking logarithmic derivatives of both sides of (25), and then multiplying by ζ , we obtain
K(ζβ−1, ρ) = 1
2
− i
2
Θ ′1[(z − zβ)/2, ρ1/2]
Θ1[(z − zβ)/2, ρ1/2] . (26)
Let Z(z) denote the Weierstrass ζ -function with half-periods pi and−(i/2) log ρ. From the identity [8],
Z(z) = Z(pi)z
pi
+ 1
2
Θ ′1[z/2, ρ1/2]
Θ1[z/2, ρ1/2] , (27)
it follows that
K(ζβ−1, ρ) = 1
2
− i
(
Z(z − zβ)− Z(pi)
pi
(z − zβ)
)
. (28)
Making use of (28) in (21) produces
u− iv =
N∑
k=1
Γk
2pi
(
1
2
− iZ(z − zk)+ iZ(pi)
pi
(z − zk)− 12 log ρ logαk −
1
2 log ρ
logαk
)
. (29)
But, on use of (16), this can be written
u− iv =
N∑
k=1
Γk
2pi i
[
Z(z − zk)+
(
Z(pi)
pi
+ 1
2 log ρ
)
zk − zk2 log ρ
]
. (30)
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Finally, since the area of the period cell∆ is
∆ = −2pi log ρ (31)
we get
u− iv =
N∑
k=1
Γk
2pi i
[
Z(z − zk)+
(
Z(pi)
pi
− pi
∆
)
zk + pizk
∆
]
. (32)
This is the same result reported in Stremler and Aref [6] in the case where the period cell is rectangular.
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